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CUMETPIMHUM AHATNI3 CUCTEM
ANVOEPEHUIANIbHUX PIBHAHDb Y YHACTUHHUX
noxigaHUX 3A oonMomMoroio MATEMATMYHOIO
NMAKETY MAPLE 11

PosansHymo 3acmocyeaHHsi Mamemamu4yHoz20 riakemy Maple 11 0o eidwykaHHs
cumempil cucmem OugepeHyianbHUX PIieHSIHb 8 YacmuHHUX noxioHux (AP4Yll) Ha
npuknadi modeni ®psonixa-lladepsica y HepigHOBaxXHOMY cmaHi 05151 0OHO8UMIPHO20
surnadky.

Knroyoei croga: rpynoBun aHanis gndepeHuianbHUX piBHAHb, onepaTopu cuMeTpil,
rpyna iHBapiaHTHOCTI.

lMpumeHeHue mMamemamuyecko2o nakema Maple 11 dns ebiqyucrneHuss cummempud
cucmemMm  OupepeHyuanbHUX  ypasHeHUl 8 4acmu4HbIX  npou3godHux  [Y4rll
paccmompeHo Ha nipumepe modenu ®pénuxa-llaliepnca 8 HepagHO8ECHOM COCMOSHUU
01151 0OHOMEPHO20 Ccriyyas.

Knro4desble cnioea: epynnoeol aHanu3 OughghepeHyuanbHbIX  ypasHeHUU,
ornepamopb! cCUMMempuU, epyrnna uHeapuaHmHocmu.

The application of mathematical program Maple 11 for calculation of symmetries
systems of partial differential equations (PDEs) is considered to example of Fréhlich-
Peierls Hamiltonian model in nonequilibrium state for one dimensional case.

Key words: group analysis of differential equalizations, operators of symmetry, group
of invariance.

BCTYIN

I'pynoBuii aHamiz € epeKTHBHUM IHCTPYMEHTOM MIPH IOCHIHKeHHI nudepeHIiaTbHuX PiBHIHD.
OcHoBHI ineil TpymoBoro ananizy 0ymu chopmynsoBadi Codycom JIi me y XIX cromitti. ['o10BHIM
IHCTPYMEHTOM, SIKHM KopucTyBaBcs Jli, € OmMC BIACTUBOCTEW MMQEpeHIaTbHAX PIBHAHD 3a
noromororo rpyt [2]. [logansimii po3BUTOK TPYIOBHH aHami3 AudepeHiabHUX PiBHAHb 3HAUIIOB Y
poborax JI.B. OBcsiHHiKOBa [3], sIKMi 30KpeMa 3BEpHYB YBary Ha MOXKIHBICTH TOOYZOBH OKPEMHUX
KJIaciB TOYHHX PO3B’S3KiB AH(EpeHIialbHUX pPIBHSIHD MEXaHIKM Ta MaTeMaTH4YHOI (i3uKu 3a
JoriomMororo anreop Jli.

I'pyna cumerpiii cuctemMu nudepeHnialbHUX PiBHSHb — 1€ TPpyIa, 33 JOMOMOTOK SIKOI, 3HAIOUU
JICIKUA PO3B’SI30K CHUCHTEMH, MOYKHA BIIIYKATH 1 I1HII PO3B’SI3KU i€l cuctemu. JlocmimKeHHs
CUMeTpill JudepeHLliaIbHUX pPIBHSIHD € TMpOIeC aNrOpUTMI30BaHHUN, SKUH BUKOPUCTOBYETBCS Y
0araTboX MakeTax NMPUKIATHHUX HporpaM. B naHili cTarTi po3rNITHYTO BiANIYKAHHS TPYHH CHUMETpiit
CUCTEeMH TU(epeHIiaNbHUX PIBHSIHb B YaCTHHHUX IMOXIJHUX 3a JONMOMOTOK MaTEeMaTHYHOTO MaKeTy
Maple 11.

1. AJIFOPUTM BIQLWYKAHHSI CUMETPIA CUCTEMM [PYN HA TPUKITALI MOZENI
®PbLOJIIXA-TAUEPJICA

PiBHSAHHS U1 pIBHOBaO)XXHUX Ta HEpIiBHOBAXHUX crTaHiB Monem @promixa-Ilaitepnca mis
€JIEKTPOHIB, IO B3aEMOJIIOTH ¢ (DOHOHAMH TUTHKH MPH MEBHUX ITUCKPETHUX MOAAX OTPUMaHi B poOOTi
[5]. B omHOBUMipHOMY BUIIAIKy HEPiBHOBAXKHI CTAHU OMHCYIOTHCS CHCTEMOIO 3a4eINICHUX PiBHSHD:
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A WA S O S | ()

o ot oxr T

igS”(t x)= —La—z—y S"(t x)+ W(t x)Y’(t x) 2)
o 2m ox’ ’ ’ T

ne @,, &, m, {4 — IOifcHI mapaMeTpu.
XBwipoBa (yHKIiE ¥ (t,x) 3am0BONbHSE piBHAHHSA IlphomiHrepa 3 3aJeXKHHM BiJ dacy

MTOTEHITIAIOM, IO 3aJa€ThCS AIMCHOIO (hYHKITIE0 W(t,x), sIKa € PO3B’A3KOM HEOIHOPITHOTO PiBHIHHSI
0’ 2

Janam6epa 3 paBorO 9aCTHHOIO — 4a;|5”(l,x] .
X

OueBuaHO, mo cucrtema piBHAHD (1)-(2) He Oyne MaTu Ayke MIKUPOKI CUMETpii, OCKUIbKH JiBa
yacTuHa piBHAHHSA (1) iHBapiaHTHa BiIHOCHO mepeTBopeHHs JlopeHua, a yiBa 4acTHHA PiBHSHHSA (2)
iHBapiaHTHA BiiHOCHO mepeTBopenHs [ anines. [lepen ThM, sk nrykaTu cuMeTpii cucteMu piBHSIHb (1)-
(2) BimHOpMY€EMO KOEilieHTH, 3pOOUBIIH 3aMiHY:

w(,x)=w(t,3), ¥(,x)= ;’T;em@(t’;), 7=

Toni MaeMo cuCTEMY:

0~ N O o~ 0 1~ 2
—EW(t,x)nL = W(t,x)——a)72 Y’(t,xx , 3)

.0 5, ~ 1 0 5 o\ o ~\GH, ~
Z—Y’(t,x)z S”(t,x)+W(t,x)Y’(t,x), 4)

[IpencraBuBmm (yHKITITO Y7(t,)7 ) yepe3 amIunityay i ¢asy ' (t,)Nc ) = p(t,f )ei‘”(”f ) 3BozuMmo
cucremy (3)-(4) o cucteMu BUTIIALY:

F =W, ~W.-2(p?+pp.)=0, 5)
|
Fo=p+3 ~(2p.0. + pp..)=0, (6)
mao,
F. = po, — — pp> )+ pW =0. 7
3 = PP, e (pn p¢>x)+p (7N

Bynemo roBoputn, mo cucrema piBHAHB (5)-(7) 3ama€ MHOTOBHI [F ] y TpocTopi I;, ne

V= <t,)7,W',p,¢> ,a I — Bexrop 3 komnoHeHtamu F,F,, F,.

Anroputm  Jli  BigmykaHHS ~ CcHUMeETpid  OUQepeHUiabHUX  PiBHSAHb IPYHTYETbCA  HA
iH(iHITE3UMANTEHOMY KpUTepieBi iHBapianTHOCTI [1,3.,4].
[HdiniTEe3MMaNBEHUI OnepaTop TpyIu iHBapiaHTHOCTI cucteMHu (5)-(7) OyaeMo myKaTH y BATIIS:

X = z’(t,)Nc,VIN/,p,go)ﬁ, +§([,$,W,p,¢)§; +771(t,)7,VI~/,p,(0)6W +

+772(t,)~c,VI7,p,go)6p +773(t,)~c,VI7,p,g0)6(p

Ockinpku cuctema piBHAHB (5)-(7) MICTUTh YaCTHUHHI MOXITHI O IPYTOTO MOPSIKY BKJIIOYHO, TO
HEOOXiTHO 3HAUTH JIpyre MPoJoBKeHHsS X onepatopa X , IKe Ma€ BHUIJISL;
2

X=X+n0, +17 0 +1130,, +11,0, +1130,, +11;0, +1'0; +1 0 41170 +

+ ngapz/ + n;}apﬁ + nzgfap}'f + 77;8@/ + ﬂé}a@t} + 77?8@?}
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JloaTKOB1 KOOpIMHATH B ONEepaTopoBi X OOYMCIFOEMO HACTYITHUM YHHOM:
2

7711 = Dt(771)_ VVtDt(T)_ W?Dt(‘/:)’

WxD; (T)_ W;D; (‘f) )
771n = DI( lt)_ VV”D,(T)— W?Dt(é:)’
WN/::D; (7) - WL?D; (f) >

n" = D; (771;)_ W;;D; (T) - W?TDE (5) ’
JIe OTIepaToOpH MOBHOTO MU(MEPEHITIFOBAHHS 110 3MIHHUX { 1 X BIANOBIJHO MaOTh BUIJISIT
D, =0,+W0;+p0,+¢0,+W, 0, +W0, +p,0, +p:0, +9,0, +¢:0, +...,
D.=0.+ W;6W +p;6p + go;aw + W,;GWI + Wﬁﬁﬁ + pﬁap( + pﬁam + goﬁawv + %awx +....

Pemta mogaTkoBUX KOOPAWHAT OOUHCITIOIOTHCS aHAJIOTITHO.
‘YMoBa iHBapiaHTHOCTI Ij1s cucTeMH (5)-(7) 3anumieTbess HACTYITHUM YHHOM:

XF|l =0.

2

[F]
Tobrto micist oTpuMaHHS TPOIOBKEHOTO omeparopa X , HEOOXiTHO TOMIATA HUM Ha (YHKIIIL
2
F =(F,,F,,F,) Ta nepeiiTn Ha MHOTOBHI [F ]

HactynHuMm KkpokoM € moOyoBa BH3HAYaJIbHOI CHUCTEMU PiBHAHB. [licis aii MPOAOBKEHUM
OIIEepaTopOM, Ta MEPEXOAYy Ha MHOTOBHJ, MAEMO CyMH DPI3HHX OJHOYJICHIB, SIKi MICTSATh YaCTHHHI
HOXiJHI TIepUIOro Ta Apyroro nopsaky ¢yHkuii W, p ta ¢. KoediuieHTH npu nux oJHOWICHAX €
¢yukuismu Bin ¢, X, W, p, @ i He 3amexarb Bix noxigHux. Tomy I1i piBHOCTI OyayTh
BUKOHYBAaTHUCSA TOJI 1 TUIbKM TOHI, KOJIM Ili KOC(QII[IEHTH MOPIBHIOITH HYJrO. 3 I(i€l yMOBH i
OTPUMY€EMO BU3HAUYAIBHI PiBHSHHS, PO3B’SI3aBIIH SKi OTPUMYEMO, IO

=C

19
§:C2:
n=Ct+C,,
77220’

7 =—C23t2 -C,t+Cy,

ae C,,...,C5 — IOBUIbHI CTal iIHTErpyBaHHSL.

Orxe, 1HOQIHITE3UMAIBHAA oOlepaTop Tpymu iHBapianTHOcTI cuctemu (5)-(7) € IiHIHHOIO
KOMOIHAIII€}0 HACTYITHUX OIEePaTOpiB:
2

t
X,=0, X,=0,, X,=t0;-20,, X,=0,-10, X,=0,.

TobTo cucrema piBHSHB (5)-(7) momycKae I’ ATUTIapaMEeTPUIHY TPYITy iHBAPiaHTHOCTI.

2. OBYNCIIEHHSI CUMETPIA CUCTEMM (5)-(7) 3A 4OMOMOIOKO MAPLE 11

PosrnssHemo Temep, fK 3a JIOTIOMOrOoK MareMaTHdHoro makery Maple 11 mokHa 3HaiiTh

iH(iHITE3UMANBHI orepaTopu rpynu iHBapianTHocTi cuctemu JIPYII Ha mpuximani cucremu (5)-(7).
Cnouatky 3aBantaxyemo naker PDEtools:

> restart : with(PDEtools) :

Busnagaemo 3anmexHi Ta HE3aJICKHI 3MiHHI:
> DepVars == [w, p, ¢](x, 1);

DepVars :=[w(x,t), p(x, ), 0(x, 1) ]
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BuxopucroByemo komanau diff table ta declare ams xommakTHOCTI BBOAY Ta BHBOAY Ha €KpaH
pe3yIbTaTiB:
~ declare ((w, p, 9) (1, x));
W, P, ® := diff table (w(t,x)), diff table (p(t,x)), diff table (¢(t,
x)):
w(t, x) will now be displayed as w
p(t,x) will now be displayed as p
o (¢, x) will now be displayed as ¢
BBoauMo cami piBHSIHHS Ta 00’ €JHYEMO iX B CUCTEMY:

" pdel = diff (WLel 0)~diff (WLx],x) + 2-diff (P 1-P[x],¥);
pde2 = Pl1] + —— (2 Plx]-®[x] + P[ ]-diff (@[x},x));

2:m-®
diff (P[x],x) — P ®[x]?
pde3 = P[ ]-®[1]- iy (Plx].x) 2[] Lx] + W[ ]-PL];
2-m-®
2
pdel =W wx’x+2px +2ppx’x
2p. 0. +po
pde2 :Zp;k%%
mo
2
p..— PO
pde3 :=p(])t—%x’x—2x+wp
mo
> PDESYS := [pdel , pde2, pde3 ],
PDESYS :=|w, ,—w__+2p. +2pp_.p,
5 2
+i Px¢x+P¢x’x 1 Px,x_Pq)x e
2 mo’ P mo P

[ndiniTesumansHi onepatopu mis cucremu JIPUIl 3Haxommmo 3a JOMOMOTOH KOMaHAH
Infinitesimals:
> G = Infinitesimals (PDESYS);
G:=[_&(Lx,w,p.0) =L _&(tx,w,p,0) =0,_n (t,x,w,p,0)
=0,_n,(t,2,w,p,0) =0, _n3(t,x,w,p,0) =0], [_& (1, x, w, p,
0) =0, & (tx,w,p,0) = 1,1 (6,x,w,p,0) =0,_ny(t,x,w,p,
) =0, _ny(t,x,w,p,0) =0, [ _& (6.2, w,p,0) =0, _& (1, x,w,
p,0) =0,_n (t,x,w,p,0) =0, _n,(£x,w,p,0) =0,_n,(z,x,w,
p.0) = 1], [_& (6x,w,p,0) =0, _&(1,,w,p,0) =0, _n, (2.,
w,p,0) = =1_n,(t,x,w,p,0) =0, _ns(t,x, w,p,0) =1],

[_él(t,x, w,p,0) =0, _&(t,x,w,p,0) =0, _n,(,x,w,p,0) =

1
~t,_ (. w,p,0) =0, _115(1.x,w.0,0) = tz]
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[lepesipka:

> map (SymmetryTest, [ G, PDESYS);

[{0}, {0}, {0}, {0}, {0}]

OTxe, 3a nornomororo nakery Maple 11 Oynu 3HaiineHi Taki x cami iHQIHITE3UMaIILHI ONIepaTopu
rpynu cumetpiii cuctemu (5)-(7).

BukopucroBytoun komanny Symmetry Transformation, MokHa IJIsl KOYKHOTO 13 IT’SITH OTPUMaHHUX
oIepaTopiB 3HAiiTH TepeTBOpeHHs 3MiHEMX f, X, W, p, @, sxi sammmawots cuctemy (5)-(7)
IHBapiaHTHOIO.

> NewVars = [f, g, h](r,s);

NewVars == f(r,s),g(r,s), h(r,s)]

> SymmetryTransformation (G[ 5], DepVars, NewVars);

{r:x,s:t,f(r,s) =w(x,t) — et h(r,s)= % K 2+ o(x,1),g(r,

) =pxo)|
Tyt Bu3HauYeHi HOBI 3aJexHi f, g,/ Ta He3anexkHi 7,S 3MiHHI, € — IPYIIOBHIl MapameTp.

BUCHOBKH

B nmaniii crarTi pO3rNISHYTO alTOPUTM BiMIIyKaHHS iH(QIHITE3UMAIEHUX OMNEPaTOPIiB TPYNH
cumerpiit mns cucremu JIPUIl na mpuknani momemi ®prorixa-Ilaitepica. 3HaHHS Tpynmu cHUMETpii
mrudepeHIliabHOTO PIBHAHHSA a00 cHCTeMHU AU(EPEeHIIAIEHAX PIBHSHD 03BOJSIE BUKOPHCTOBYBATH
METOJI CHMETPIHHOT PeAyKIIii AT MO0YIOBH TOYHHUX PO3B’SA3KiB MHOTO piBHSAHHSA (cuctemu) [1,6]. st
0araToBUMIpHUX pPIBHAHb — II€ 1HKOJIM €IUHUN e(QEeKTUBHHUU CIociO OTpUMaHHSA KJIACiB TOYHUX
po3B’s3kiB. CydacHmidi MaTeMaTH4HHMi Taker Maple 11 mae MOXIHMBICTE €(PEKTHBHO OOYHMCIUTH
cumetpii cucremu JIPUII Ta mepeltn 10 HACTYITHOTO €TaIly MOOYIOBH TOYHHX PO3B’S3KIB I ITiET
CHUCTEMHU
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